arXiv:l505.07445v4 [math.PR] 18 Apr 2016 
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Abstract 

We present a study of the distance between a Brownian motion and a submanifold 
of a complete Riemannian manifold. We include a variety of results, including an 
inequality for the Laplacian of the distance function derived from a Jacobian com¬ 
parison theorem, a characterization of local time on a hypersurface which includes 
a formula for the mean local time, an exit time estimate for tubular neighbourhoods 
and a concentration inequality. We derive the concentration inequality using moment 
estimates to obtain an exponential bound, which holds under fairly general assump¬ 
tions and which is sufficiently sharp to imply a comparison theorem. We provide 
numerous examples throughout. Further applications will feature in a subsequent 
article, where we see how the main results and methods presented here can be ap¬ 
plied to certain study objects which appear naturally in the theory of submanifold 
bridge processes. 
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Introduction 

Suppose that M is a complete and connected Riemannian manifold of dimension m, 
that N is a closed embedded submanifold of M of dimension n £ {0,... ,m — 1} and 
that X(x ) is a Brownian motion on M starting at x £ M with explosion time ((x ). The 
main objective of this paper is to study the distance between X t (x) and N for each 
t > 0. This is not something which has previously been considered in the literature, the 
closest reference being the study of mean exit times given by Gray, Karp and Pinksy 
in (TO}, and our main results are Theorems |1.5| |3.10| and |3.15| We denote by r N the 
distance function and assume that there exist constants v > 1 and A £ 1R such that the 
Lyapunov-like condition 

2 Afy fS v + A(1) 

holds off the cut locus of N. Geometric conditions under which such an inequality 
arises, which allow for unbounded curvature, are given by Theorem |1.5| (see Corollary 
[L6} , which is derived from the classical Heintze-Karcher comparison theorem [12]. 
Under such assumptions we deduce a variety of probabilistic estimates, which are 
presented in Section [3j We do so first using a logarithmic Sobolev inequality. Such 
inequalities were originally studied by Gross in (11} and we refer to the article [ 7] for 
the special case of the heat kernel measure. We then prove more general estimates 
using the Ito-Tanaka formula of Section [2] which is derived from the formula of Barden 
and Le (17} and which reduces to the formula of Cranston, Kendall and March (6} in 
the one-point case. The basic method is similar to that of Hu in [14}, who studied (uni¬ 
form) exponential integrability for diffusions in R m for C 2 functions satisfying another 
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Lyapunov-like condition. Indeed, several of our results could just as well be obtained 
for such functions, but we choose to focus on the distance function since in this case 
we have a geometric interpretation for the Laplacian inequality 0 - Section [2] also in¬ 
cludes a characterization of the local time of Brownian motion on a hypersurface and a 
couple of examples. The probabilistic estimates of Section [3] include Theorem |3.2| and 
its generalization Theorem |3.5| which provide upper bounds on the even moments of 
the distance r N (X t [x)) for each t > 0. Using properties of Laguerre polynomials we use 
these estimates to deduce Theorems |3.8| and |3.10| which provide upper bounds on the 
moment generating functions of the distance rN(X t {x)) and squared distance r%(X t (x)) 
for each t > 0, respectively. The latter estimate improves and generalizes a theorem of 
Stroock. Using Theorem |3.10| and Markov's inequality we then deduce Theorem |3.15| 
which provides an concentration inequality for tubular neighbourhoods. Note that in 
this paper we do not assume the existence of Gaussian upper bounds for the heat kernel; 
the constants appearing in our estimates are all explicit. This paper has been presented 
in such a way that it should be possible for the reader to read Section [3] either before 
or after Sections [I] and [2] Finally, the author wishes to thank his supervisor Xue-Mei Li 
for supporting this piece of work with numerous insightful suggestions. He also wishes 
to thank David Elworthy and an anonymous referee for providing additional comments 
and criticism. 


1 Geometric Inequalities 

We begin by deriving an inequality for the Laplacian of the distance function. This 
object can be written in terms of the Jacobian determinant of the normal exponential 
map, so we begin with a comparison theorem and inequalities for this object. The main 
references here are [12] and [23J. 

1.1 Heintze-Karcher Inequalities 

Suppose that M is a complete and connected Riemannian manifold of dimension m 
with Riemannian volume measure voIm and that TV is a closed embedded submanifold 
of M of dimension n £ {0,... , m — 1} with induced measure voljv and normal bundle 
7rjv : TN-t- -£ TV. Fix f £ UTA r± := {£ £ TTV X : ||£|| = 1} and choose t-\ £ (0,./W(0) 
where /jv(£) denotes the first focal time along the geodesic 7 j with 7 ^( 0 ) = and 

7^(0) = £. If p £ M with <Tp a two-dimensional subspace of T P M then denote by K(a p ) 
the sectional curvature of a p and let 

er 7£ ( t ) is any two-dimensional subspace of 

K(a yt u\)\ 

T~n (t )M containing j^(t) for any t £ [0, ii] 

As regards the extrinsic geometry of the submanifold, denote by the shape operator 
associated to £ and by Ai(£),..., A„(£) the eigenvalues of A^. These eigenvalues are 
called the principle curvatures of TV with respect to £ and their arithmetic mean, de¬ 
noted by H^, is called the mean curvature of TV with respect to £. Let 9^ : TN 1 - —> It 
denote the Jacobian determinant of the normal exponential map exp N : TN- 1 —>• TM 
(which is simply the exponential map of M restricted to TN- 1 ) and for k, A £ 1R define, 
for comparison, functions S K , C K , G K and F £ by 

f^sin^t 
S K (t) ;= t 

I sinh \J—nt 
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if k > 0 
if k = 0 
if k < 0 








C K (t) := ±S K (t) 

G K (t) := ^log (S K {t)/t) 

F>(t):=^ t log(C K (t) + \S K (t)). 

If K^(fi) is any constant such that Kg(ii) < re^ti) then, as was proved by Heintze and 
Karcher in [[12} using a comparison theorem for Jacobi fields, and which was generalized 
somewhat by Kasue in | |l6p , there is the inequality 

d n 

j t log 9 n ( t£) < (to - n - l)G^ (tl) (f) + (2) 

i —1 

for all 0 ^ t < ti . Furthermore, if i) satisfies 

(to — l)p^(fi) = min{Ric( 7 ^(t)) : 0 < t < ti} 

and pt(ti) is any constant such that (ti) < p (ti) then for n = 0 there is the inequality 

^log0jv(*O < (m-1 )G P({tl )(t) (3) 

for all 0 < t < fi and for n = to — 1 there is the inequality 

^ log 0/v(f£) < (to - l)F^ ti) (f) (4) 

for all 0 <: t ^ / 1 . Heintze and Karcher s method implies that the right-hand sides of 
inequalities Q, |3} and ([4} are finite for all 0 <t< t\ . Note that the 'empty sum is zero' 
convention is used to cover the case n = 0 in inequality ©• 


1.2 Jacobian Inequalities 

We can use the Heintze-Karcher inequalities to deduce secondary estimates. 

Proposition 1.1. For 0 <t<t\we have 

, _ 71 

— log e N (t& < (to - i)^/|K 4 (ti) a o| + Y l A *(OI- 


By Gronwall’s inequality and the fact that 0\j | ,v = 1, this differential inequality im¬ 
plies an upper bound on 0 N . By a change of variables, upper bounds on 0 N imply upper 
bounds on the volumes of tubular neighbourhoods and the areas of the boundaries. In 
this way we can obtain estimates on these objects which are more explicit than those 
found in [9|. We will not present these calculations here; they can be found in |26[ |. To 
prove the proposition we will use two preliminary lemmas. 


Lemma 1.2. If > 0 then for 0 <t<t\ we have 


d 

dt 


log 0 N (f£) < ^ A*(£). 

i =1 
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Proof. Setting K^(t{) 
© it follows that 


0 we have S K ^ tl) (t) = t and C K ^ tl) {t) 


i ™ 

— log 0 N (t£) < Y 


A.-(0 

1 + A j(£)f 


1 and from inequality 


for all 0 < t < ti. The result follows by considering the cases A *(£) > 0 and Aj(£) < 0 
separately. 0 


Lemma 1.3. If < 0 then for 0 <t<t\ we have 
<l log 9 N (t£) < (m - n - l)^-K^(ti) 




n 


Proof. Fix k < 0 and A € It. Note that lim t ^ 0 (coth(f) — 1/f) =0, lim^oo (coth(i) — 1/f) = 
1 and that by Taylor's theorem the derivative of this function is strictly positive for 
positive t. Therefore coth(f) — 1/t < 1 for t £ (0, oo) and G K (t) < yf^K. Note that for 
each i= 1,..., k we have 

--F x (t) = _ K + A2 _ 

dt kU (C K (t) + \S K (t)) 2 

so F x is increasing on (0, ti] if and only if |A| < y/—n. If |A| > \J—k then is nonin¬ 
creasing and Fg(t) < lim^o F\ (i) = A. Conversely if |A| < v / —« then 

C K (t) + A S K (t) > cosh | [y/—nt ) — sinh (y/^Kt) = 

so F£ is defined on (0, oo) and 

FJ( t) < lim FS(t) < ^ lim ( ^(‘) + co S h(t) \ = ^ 

tfoo tfoo ycosh(t) — smh(t) J 

The lemma then follows from inequality © by setting K^(fi) = K^(fi). O 

We can now prove Propostion |1.1[ 

Proof of Proposition \1.1\ By Lemmas |1.2| and |1.3| it follows that 

| lo g9»(tO 

n 

< Y A *(?) 1 {«e(‘i)>o} +{m-n- l)yj-^{t 1 )l { ^ tl)<0 } 

i =1 

n 

+ Y (v // ^( tl ) 1 {|A i (e)i< v /-« s (t 1 )> + Ai ^) 1 {|A i (e)i>v-««( t i)}) 


2=1 


< Y l A i(£)l 1 {'s e (ti)>o} + (m-n - 1)y'|K € (fi) A 0| 
2=1 

n 

+nyj\n^{ti) A 0| + Y; l A i(C)|l{K S (ti)<o} 


i—1 


= (m - l)^/|K|(ti) A 0| + Y l A *(OI 

i-l 

as required. 


H 
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Note that the factor (to — 1) is reasonable since an orthonormal basis of a tangent 
space T 7? M gives rise to precisely (rn — 1) orthogonal planes containing the radial dir¬ 
ection 7 £. 


1.3 Laplacian Inequalities 

Denote by M (N) the largest domain in TN 1 whose fibres are star-like and such that 
ex Pw Iarjv) is a diffeomorphism onto its image. Then that image is M \ Cut (N), where 
Cut(iV) denotes the cut locus of N. Recall that Cut(N) is a closed subset of M with 
volM-measure zero. With r N : M — ► R defined by r N (-) := N) the vector field 
will denote differentiation in the radial direction, which is defined off the union of N 
and Cut(iV) to be the gradient of and which is set equal to zero on that union. If as 
in |9, p.146] we define a function Q N : M \ Cut(iV) —> R by 

® N ~ 0 N o (exp N Itw(at)) 1 (5) 

we then have the following corollary of Proposition o in which cat(£) denotes the 
distance to the cut locus along 75 . 


Corollary 1.4. Suppose that there is a function k : [0, 00 ) —> R such that for each 
£ G UTN 1 - and t\ G (0, cjv(£)) we have n(ti) < K^(fi). Furthermore, suppose that the 
principal curvatures of N are bounded in modulus by a constant A > 0. Then there is 
the estimate 

-— log ©at < nA + (to. - l)y/\ k(t n ) A 0| (6) 

or N 

on M \ Cut(A r ). 


Proof. For each £ G UTN 1 - and t\ G (0, cjv(O) we see ^y Proposition 1 1.1 1 that 

< nA + (to — l)\/| K (fi) A 0|. 


^-Iog0jv(7 f (ti)) = j t \ogO N (tC) 


t=t l 


Since for each p G M \ (N U Cut (AT)) there exists a unique G UTN 1 such that 
7 Z P ( r N(p)) = P, the result follows for such p by setting ti = rjv(p)- For p G N the radial 
derivative is set equal to zero in which case the result is trivial. □ 


Furthermore, following from remarks made at the end of Subsection o if there is 
a function p : [0, 00 ) —> R such that for each £ G UTN 1 and t± G (0,cjv(£)) we have 
p(t 1 ) < p (t\) then for n = 0 there is the estimate 


-Jr— log ©JV < (m - 1) a/I p(r N ) A 0| 
Or N 


(7) 


on M \ Cut (AT) and for n = m — 1 with \H^\ < A for each £ G UTN 1 there is the estimate 


d 

dr N 


log ©w < (to - 1) [\/\p(r N ) A 0| + A 


( 8 ) 


on M\Gut(N). Thus we arrive at the main results of this section, which are the following 
theorem and its corollary. 


Theorem 1.5. Suppose that M is a complete and connected Riemannian manifold of 
dimension m and that N is a closed embedded submanifold of M of dimension n G 
{0,..., to — 1}. Denote by Cut (AT) the cut locus of N and r N the distance to N and 
suppose that there exist constants C 1; C 2 > 0 such that one of the following conditions 
is satisfied on M \ (Cut (N) U N): 
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(Cl) the sectional curvatures of planes containing the radial direction are bounded 
below by -(Ci + CVat) 2 and there exists a constant A > 0 such that the principal 
curvatures of N are bounded in modulus by A; 

(C2) n = 0 and the Ricci curvature in the radial direction is bounded below by — (to — 

l)(Ci+C 2 r N ) 2 ; 

(C3) n = m — 1 and the Ricci curvature in the radial direction is bounded below by 
— (to — l)(Ci + C 2 r N ) 2 and there exists a constant A > 0 such that the mean 
curvature of N is bounded in modulus by A. 

Then for ® N , defined by we have the inequality 

-!r— log ©at < nA + (to - l)(Ci + C 2 r N ) 
or N 


where denotes differentiation in the radial direction. 


Note that if n = 0 then the mean curvature is not relevant and if to = 1 then the 
sectional curvatures are not relevant but that the above estimates still make sense in 
either of these cases. Recall that we are primarily interested in the Laplacian of the 
distance function. If A denotes the Laplace-Beltrami operator on M then, as shown 
in (9}, there is the formula 


1 

2 


A r 2 N = (to 


-n)+r N 


d 

dr N 


log ©AT 


on M \ Cut (TV). This yields the following corollary. 

Corollary 1.6. Under the conditions of Theorem \1.5\ we have 

- Arjj < (to - n) + (nA + (to - l)C{)rN + (to — T)C 2 r 2 N 

on M\ Cut (TV). 


(9) 


For the particular case in which TV is a point p, it was proved by Yau in (27| that 
if the Ricci curvature is bounded below by a constant R then the Laplacian of the dis¬ 
tance function r p is bounded above by (to — 1 )/r p plus a constant depending on R. Yau 


then used analytic techniques in |28j to prove that this bound implies the stochastic 
completeness of M. A relaxation of Yau's condition which allows the curvature to grow 
like a negative quadratic in the distance function is essentially optimal from the point of 
view of curvature and nonexplosion; this is why we did not feel it necessary to present 
Theorem |1.5| in terms of a general growth function, although one certainly could. We 
will return to this matter in Subsection 3.3 If in Yau's example we set (to — l)p = R 


then inequality ([3]) and Taylor expansions imply G e (t) < —gt /3 for all t > 0 if g < 0 or 
for t G [0, if g > 0 , which yields the simple estimate 


_d_ 

dr p 


log 0 P < 


Rr p 

“iT 


on M \ Cut(p). This has the advantage of taking into account the effect of positive 
curvature and in turn yields the Laplacian estimate 


^A r 2 p <m- 


Rr 2 


( 10 ) 


on M \ Cut(p), which is different to Yau's bound. Note that inequalities {(TT[i and fTo| 
actually hold on the whole of M in the sense of distributions. 
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2 Local Time 


In this section we show how the distance function relates to the local time of Brownian 
motion on a hypersurface. Since the boundaries of regular domains are included as 
examples, this could yield applications related to the study of reflected Brownian mo¬ 
tion. The main references here are [171, (4| and ©• The articles | ]T7| ] and {4} approach 
geometric local time in the general context of continuous semimartingales from the 
point of view of Tanaka's formula while (6) approaches the topic for the special case of 
Brownian motion using Markov process theory. 


2.1 Ito-Tanaka Formula 


Suppose that X is a Brownian motion on M defined up to an explosion time ( and that 
U is a horizontal lift of X to the orthonormal frame bundle with antidevelopment B on 
R m . In [[21} it was proved, using the theory of viscosity solutions, that the cut locus of 
N is given by the disjoint union of two subsets C(N) and C(N ) where the connected 
components of C'(iV), of which there are at most countably many, are smooth two-sided 
(m — 1)-dimensional submanifolds of M and where C(N ) is a closed subset of M of 
Hausdorff dimension at most m — 2 (and therefore polar for X by [25]). Also C(N) U N 
has volM-measure zero so it follows that 


L{b u - iB )=^ 

where /3 is a standard one-dimensional Brownian motion, by Levy's characterization and 
the fact that U consists of isometries. Furthermore, points belonging to C(N) can be 
connected to N by precisely two length-minimizing geodesic segments, both of which 


are non-focal. Using these observations, it follows from [17 Theorem 1] that tn(X) is 
a continuous semimartingale. In particular, if r is a stopping time with 0 < r < ( then 
there exist continuous adapted nondecreasing and nonnegative processes L N (X) and 
L C( ~ N \X), whose associated random measures are singular with respect to Lebesgue 
measure and supported when X takes values in N and C(N), respectively, such that 


1 f t/ ^ T 

r N (X tAT ) = r N (X 0 ) + p tAT + -Ar N (X s )ds--l?^ N \x) + L? AT (X) (11) 

for all t > 0, almost surely, where 

diCutW(X) := 1 (£,- _ £,+ ) r N (n)dL^ N \X). 

Here n is any unit normal vector field on C{N) and the Gateaux derivatives D ± vn are 
defined for z € C(N) and v e T Z M by 

D+r N (v) := lim - (f(exp z (ev)) - r N {z)) 

<40 e 


and D~r N (v) := -D+rvr(— v). A detailed explanation of precisely how formula ( fTT| ) 
is derived from |17[ Theorem 1] can be found in the author’s doctoral thesis. Note 
that the integral appearing in formula (|1 1 [ ) is well-defined since the set of times when 
X £ N U Cut(iV) has Lebesgue measure zero. The process L C ^ N \X) is given by the 
local time of d(X,C(N)) at zero so long as the latter makes sense, while for the one- 
point case the process ]L Cut ( JV )(A') coincides with the geometric local time introduced 
in [|6 ]. The process L N (X), which we will refer to as the local time of X on N, satisfies 

L n (X) = L°(r N (X)) 
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where L°(r^ r(X)) denotes the (symmetric) local time of the continuous semimartingale 
rjv(X) at zero. It follows that if n < m— 2 then the local time of X on TV vanishes. In fact, 
if X is nonexplosive with n = m — 1 then, since r\?(X) is a continuous semimartingale 
with d[rjv(-X’)]g = ds, it follows that 

1 f tAT 

LtA T (X) = lim — / 1 BeW (X s )ds (12) 

e4,u ze j q 

for all t > 0, almost surely. Note that the Brownian motion considered here can be 
replaced with a Brownian motion with locally bounded and measurable drift. 


2.2 Revuz Measure 

In this subsection we consider an application of a different approach, based on the the¬ 
ory of Markov processes. Although it is not always necessary to do so, we will assume 
that M is compact. We will also assume that TV is a closed embedded hypersurface 
and that X(x) is a Brownian motion on M starting at x. The convexity based argument 
of (§, which was applied to the one point case, can be adapted to our situation and 
implies that with respect to the invariant measure voIm the local time L N (X(x)) corres¬ 
ponds in the sense of (22j to the induced measure voljv- By |[8j this implies the following 
theorem, in which p M denotes the transition density function for Brownian motion. 

Theorem 2.1. Suppose that M is compact , that TV is a closed embedded hypersurface 
and that X(x) is a Brownian motion on M starting at x. Then 


E [ L t ( A "(a:))] = [ [ pf(x,y)dvol N (y)ds 
Jo Jn 

for all t > 0. 


(13) 


In a subsequent article we will calculate, estimate and provide an asymptotic re¬ 
lation for the rate of change [L^(X(x))]. By a standard change of variables, it 
follows that the expected value of the occupation times appearing inside the limit on 
the right-hand side of ([12} converge to the right-hand side of ( [13} as e j, 0. If one could 
justify exchanging this limit with the expectation, one would obtain a different proof 
of Theorem |2.1| The following corollary follows directly from Theorem |2.1| and basic 
ergodicity properties of Brownian motion. 


Corollary 2.2. Suppose that M is compact , that TV is a closed embedded hypersurface 
and that X is a Brownian motion on M. Then 


limi E [Lf(X)] 


voljv(TV) 
vol m (M) ' 


Example 2.3. Suppose M = S 1 (i.e. the unit circle with the standard metric) and let 
X(x) be a Brownian motion starting at x £ S 1 . By formula HD it follows that 

rl(X t (x)) = rl(x) + 2 f r x (X s (x))d/3 s +1 - 2 f r x (X s (a;))dL^ ut(:r) (X(a;)) 

J 0 Jo 

for t > 0, where 3 is a standard one-dimensional Brownian motion. But r x {x) = 0 and 
Cut(a:) is antipodal to x, which is a distance tt away from x, so as dL Cut ( x \ X(x)) is 
supported on {s > 0 : X s = Cut (a;)} we deduce that 


r 2 x (X t (x)) = 2 f r x {X s {x))dp s +1 - 2tt Lf ut{x \x(x)) 
J o 


(14) 
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( 15 ) 


fort>0.Nowp® 1 (x,-)^)-(2ir) 1 ast'[ooso 


limE K(X,(i))] = ^ '-Mdv 0 1 S ,(„) = |-dv = y. 

Thus by equations ( |14[ > and ( |1 5[ ) it follows that 

y = Jim (t - 27rE[L^ x \x(x))}) 
which implies for large times t the approximation 

E[Lf^ x \x(x))] = ^-^+o(l). 

Corollary 1 2.2 1 and the previous example concern the behaviour of E [ L N (X )] for large 
times, in the compact case. In the next example we fix the time, instead considering 
the effect of expanding size of the submanifold, using balls in Euclidean space as the 
example. 


Example 2.4. For r > 0 denote by S m- 1 (r) the boundary of the open ball in R m of 
radius r centred at the origin. If X is a Brownian motion on R m starting at the origin 
then 7'$™ - y )(X) is a Markov process. It follows from general theory, as in 18], that 


formula 


13) holds with N = S m x (r) and M = R m and therefore 


-E 


Hr) 


(X) 


r(?) 


where F(a, b) = s a 1 e s ds is the upper incomplete Gamma function. In this setting 
the process L s "' ' -’1 (X) corresponds to the local time of an Bessel process of dimension 
m, started at the origin, at the value r. In particular, for the case m = 2 we obtain 


1 

-E 

r 



(X) 


= T 0 



(16) 


By differentiating the exponential of the right-hand side of equation we can then 
deduce the curious relation 


lim 

tfoo 




r 



= 7 


where 7 denotes the Euler-Mascheroni constant. 


3 Probabilistic Estimates 

In this section we combine the geometric inequalities of the first section with the Ito- 
Tanaka formula of the second section and deduce probabilistic estimates for the radial 
moments of Brownian motion with respect to a submanifold. 

3.1 A Log-Sobolev Inequality Approach 

It is fairly standard practice to deduce exponential integrability from a logarithmic- 
Sobolev inequality. In this subsection, we show how this can be done in a restricted 
version of the situation in which we are otherwise interested. For this, denote by {P t : 
t > 0} the heat semigroup on M (acting on some suitable space of functions). 
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Theorem 3.1. Suppose that M is a complete and connected Riemannian manifold of 
dimension m and that N is a closed embedded submanifold of M of dimension n £ 
{0,..., to — 1}. Assume that there exist constants Ci, A > 0 such that 

{Ric(£, 0 : £ € TM,U\\ = 1} > -(to - l)^ 2 (17) 


with at least one of the three conditions (Cl), (C2) or (C3) of Theorem \1.5\ satisfied 
with C 2 = 0. Then 


P t (e 9rN )(x) < exp 9 (r 2 N (x) + (to — n)t) 2 + (nA + (to — l)Ci)9t/2 + 9 2 C(t)/2 
for all 9,t> 0 and 

0 (^(r%(x) + (to — n)t) = + (nA + (to - l)Ci)0i/2) 


(18) 


Pt(e° rN )(x) < exp 


2(1 — C(t)8) 


(19) 


for allO < 9 < C 1 (t), where 


C(t ) 


e (m-l)Cft _ ^ 

(to — 1 )Cf 


Proof. Let X(x) a Brownian motion starting at a; £ M, let be an exhaustion of 

M by regular domains and denote by to, the first exit time of X(x) from Di. Using Ito's 
formula and formula Hill ), Corollary|1.6|and Jensen's inequality, we see that 


E [r 2 N (X tATD% (x)\ < r 2 N ( x) + (to — n)t + (nA + (to 


lJCr) / E[r^(X sATCi (*)] 5 rfs 


for all t > 0. Since the term r 2 N (x) + (to — n)t is increasing in t, Bihari’s inequality 151, 
which is a nonlinear integral form of Gronwall's inequality, implies 


E [r%(X tAtd , (*)] < [(r%(x) + (to - n)t) 2 + (nA + (to - l)Ci)t/2^ 

for all t > 0, from which it follows that 

P t (r 2 N )(x) < {(r 2 N (x) + (to - n)t ) 2 + (nA + (to - l)Ci)t/2^ (20) 

for all t > 0, by Fatou's lemma. Now, Bakry and Ledoux discovered (see [3J or |7j) that 
condition l |17| l implies the heat kernel logarithmic Sobolev inequality 

Ent* f 2 (x) < 2 C(t)P t (||V/|| 2 ) (*) (21) 


for all / £ C°°(M) and t > 0. By a slight generalization of the classical argument of 
Herbst (see 119]) it follows that for Lipschitz F with ||E||ii P < 1 and 8 £ R we have 


Pt(e eF )(x ) < exp [8P t F(x) + 8 2 C(t)/2] 


( 22 ) 


for all t > 0 while it was proved in |lj (see also (2j) that the log-Sobolev inequality ( |21| l 
implies 


P t (e" F2 )(x ) < exp 


0P t F 2 (x) ‘ 
2(1 — C(t)8) _ 


(23) 


for all 0 < 9 < U - 1 (f). Since r N is Lipschitz with ||rjv||z, ip = 1, inequality ( fT9| > follows 
from ( |20[ ) by the estimate l |23| l while inequality ( |18| l is proved similarly, by applying 
Jensen's inequality to ( |20| ) and using the estimate ( |22| l. □ 
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To obtain exponential integrability for the heat kernel under relaxed curvature as¬ 
sumption we will use a different approach, which is developed in the next subsection. 
While the estimates nn and ( | 1 9[ > are, roughly speaking, the best we have under the 
conditions of Theorem |3.1| the estimate ( |1 9P does not reduce to the correct expression 
in lR, m , as we will see, and our later estimates will take into account positive curvature 
whereas the estimates of this subsection do not. Thus the later estimates are preferable 
from the point of view of geometric comparison. On the other hand, the estimates given 
by [24 Theorem 8.62], which concern the case TV = {x}, suggest that the 'double ex¬ 
ponential' feature of the estimates ( ] 1 8P and ( ]1 9[ ) (which is the inevitable result of using 
Herbst's argument and Bakry and Ledoux's log-Sobolev constant, as opposed to being 
a consequence of our moment estimates) is not actually necessary. 


3.2 First and Second Radial Moments 

Suppose now that X(x) is a Brownian motion on M with locally bounded and measur¬ 
able drift b starting from x £ M, defined upto an explosion time £(x), and that TV is a 
closed embedded submanifold of M of dimension n £ {0,... ,m — 1}. We will assume 
for the majority of this section that there exist constants v>\ and A £ R such that the 
inequality 

^A + bjr%<u + Xr% (24) 

holds off the cut locus. Unless otherwise stated, future references to the validity of 
this inequality will refer to it on the domain M \ Cut (TV). If b satisfies a linear growth 
condition in rjv then geometric conditions under which such an inequality arises are 
given by Theorem [T3] (see Corollary |1.6| l, the content of which the reader might like to 
briefly review. In particular, there are various situations in which one can choose A = 0. 
Alternatively, if TV is a point and the Ricci curvature is bounded below by a constant R 
then inequality ( |24P holds with v = m and A = —R/3, as stated by inequality ( ] 1 OP . Of 
course, if TV is an affine linear subspace of ]R m then inequality ( |24P holds as an equality 
with v = m — n and A = 0. Note that inequality does not imply nonexplosion of 
X(x). This is clear by considering the products of stochastically incomplete manifolds 
with ones which are not. We therefore use localization arguments to deal with the 
possibility of explosion. 


Theorem 3.2. Suppose there exists constants v > 1 and A £ It such that inequality 
H24P holds. Then 

E [l{t<c(x)}7w(TV t (x))] < (r 2 N (x) + vR(t))e xt (25) 

for all t > 0, where R(t) := (1 — e~ xt )/X. 


Proof. Let {D i }°^L 1 be an exhaustion of M by regular domains and denote by td, the 
first exit time of X(x) from Dj,. Note that r D . < r Di+t and that this sequence of stopping 
times announces the explosion time £(x). Then, by formula ( ] 11 P , it follows that 


r tAT Di . . 

r %(X tATD ,(x)) = r%(x) + 2 J r N (X s (x)) yd(3 s — 

+ f 0 (^ A + & ) r N( x s( x )) ds 


(26) 


for all t > 0, almost surely. Since the domains Di are of compact closure the Ito integral 
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in ( |26| ) is a true martingale and it follows that 


V[r 2 N (X tATDi (x))]=r 2 N ( r)-2E 


ftAT D 


r N (X s (x))dL^ N \X(x)) 


E 


1{s<tdJ ( 2^ ^ ) r Ar(^"s( a; )) 


(27) 


ds 


for all t > 0 , where exchanging the order of integrals in the last term is easily justified 
by the use of the stopping time and the assumptions of the theorem. Before applying 
Gronwall's inequality we should be careful, since we are allowing the coefficient A to 
be negative. For this, note that 


E [r 2 N (X t Atd . (a;))] = E t {t<TD , } r 2 N (X t (x)) 

tions 

r N (X a {x))dL? ut W( X (x)) 


- E 


1 {t>r D jr 2 N (X TDi (x)) 


(28) 


and that the two functions 

r tAT D 


£ i-4 E 


/ 0 


t 1-4 E 


^{t>T Di } r N(X 

TDi ( X )) 


are nondecreasing. If we define a function f xjij2 by 


fx,i, 2 (f) :=E l {t<Tni} r 2 N (X t (x)) 


then f x ,i,2 is differentiable, since the boundaries of the D; are smooth, and it follows 
from \21\ and ( ]28[ > that we have the differential inequality 


fx,i, 2 ( 0 ) = r%(x) 


for all t > 0. Now applying Gronwall's inequality to ( |29| ) yields 


E 


!{ t< TDi }r N (X t (x)) <r N (x)e + v 




- 1 


(29) 


(30) 


for all t > 0 , from which the result follows by the monotone convergence theorem. O 


Remark 3.3. If one wishes to include on the right-hand of inequality ( |24[ > a term that 
is linear in tn, as in the estimate ([9]), or simply a continuous function of tn, as in the 
estimates ([6j>, (7]l and <(8]), with suitable integrability properties, then one can do so and 
use a nonlinear version of Gronwall's inequality, such as Bihari's inequality, to obtain 
an estimate on the left-hand side of ( ]25[ ). 


We will refer the object on the left-hand side of inequality ([25} as the second ra¬ 
dial moment of X (x) with respect to N. To find an inequality for the first radial mo¬ 
ment of X(x) with respect to N one can simply use Jensen’s inequality. Note that 
liiiiA-xi R(t)e xt = t and this provides the sense in which Theorem 3.2 and similar state¬ 
ments should be interpreted if A = 0. 


3.3 Nonexplosion 

That a Ricci curvature lower bound implies stochastic completeness was originally 
proved by Yau in |28[ , as mentioned earlier. This was extended by Ichihara in [T5| 
and Hsu in [T3| to allow the Ricci curvature to grow in the negative direction in a 
certain way (like, for example, a negative quadratic in the distance function). Thus 
the following theorem is well-known in the one point case (in terms of which it can be 
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proved). Using Theorem |3.2| our proof is short, so we may as well include it so as to 
keep the presentation of this article reasonably self-contained. So suppose that r > 0, 
let B r (N) := {y G M : rwiy) < r} and denote by t Bt .(jv) the first exit time of X{x) from 
the tubular neighbourhood B r (N). 


Theorem 3.4. Suppose that N is compact and that there exist constants v > 1 and 
AslR, such that inequality H24| l holds. Then X(x) is nonexplosive. 


Proof. By following the proof of Theorem |3.2| with the stopping times td. replaced by 
T Bi{N), one deduces 

p , < (r 2 N (x) + vR(t)) e xt 

Pj'Ts.CJV) < t} < - ^ - 

for all t > 0. This crude exit time estimate implies that X (x) is nonexplosive since the 
compactness of N implies that the stopping times t b .( N ) announce the explosion time 

C(x). ’ O 


3.4 Higher Radial Moments 


Recall that if X is a real-valued Gaussian random variable with mean p and variance a 2 
then for p £ IN one has the formula 

E [X 2 p] = (2 o 2 ) p p!L~t (3D 

where L^(z) are the Laguerre polynomials, defined by the formula 


Lp( z ) = e z 


d p 


pi dzP 


( e~ z z p+a ) 


for p = 0,1,2,... and a > -1 (for the properties of Laguerre polynomials used in this 
article, see [18]). In particular, if X(x) is a standard Brownian motion on 1R starting 


from x £ R then 


E[|X 4 (x)| 2 p] =(2t) p p\L p -> (- 


2 1 


for all t > 0. With this in mind we prove the following theorem, a special case of which 
is Theorem |3.2| which will be used in the next section to obtain exponential estimates. 
Theorem |3.2| was stated separately because it constitutes the base case in an induction 
argument. 


Theorem 3.5. Suppose that there exist constants v > 1 and A G R such that inequality 
([24} holds and letp £ IN. Then 

„2 


E 


l{t<c(x) } 4 P (^(a:))] < ( 2 R(t)e xt ) P plLl 1 (-^y) 


(32) 


for all t > 0, where R(t) := (1 — e xt )/X. 


Proof. By the assumption of the theorem we see that on M \ Cut(iV) and for p € IN we 
have 


+ bj r 2 ^ < p (u + 2 {p - 1)) t 2p 2 + pXr 

and by formula HD we have 


2 P 
N > 


r N ( X t*T Di (z)) = r N ( x ) + 2 P 


ptATn. 


/0 


2p-l 
' N 


(X s (x)) (dp s -dI,^ N \X(x))) 


ftAro, 


A + b ) r 2 ^(X s (x))ds 
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for all t, > 0 , almost surely, where the stopping times tjj. are defined as in the proof of 


Theorem 3.2 It follows that if we define functions f x ,i, 2 P by 


“ E 1 {t<TDi} r%(X t (x)) 


then, arguing as we did in the proof of Theorem |3.2| there is the differential inequality 

f fx,i,2p (^) < P {v + 2 {p - 1)) (t) + P\fx,i,2p(t) 

\fx,i,2p(°) = r ivO) 


for all t > 0. Applying Gronwall’s inequality yields 

fx,i, 2 P (t) < (r‘%(x)+p(v + 2(p- l)) J f Xilt 2 ( P -i)(s)e~ pXs ds S j e pXt (33) 

for all t > 0 and p € IN. The next step in the proof is to use induction on p to show that 

Ui,2 P (t) < £ (*) (2i?(f)r fc 4 fe (x)^|^||e^ (34) 

for all t > 0 and p £ IN. Inequality (30) covers the base case p = 1. If we hypothesise 
that the inequality holds for some p — 1 then by inequality (33) we have 


p -1 

fx,i, 2 P {t)< ( r zp (x) +p(v + 2{p- 1 ))E 

k —0 


p-1 

k 


(x) 


r(f +P-1) 

T(l+fc) 






(35) 


for all f > 0, where R(t) = f* (2 R(s)) p ~ 1 ~ k e~ Xs ds. Using 2(p — k)R{t ) = (2 R(t)) p ~ k and 

properties of the Gamma function it is straightforward to deduce inequality (34) from 
inequality (35) which completes the inductive argument. Since u > 1 we can then apply 
the relation 

rot/ \ = r(p + Q + l) (- z) k 

P " ^r(jfe + a + l)fe!(p-A:)!’ 

which can be proved using Leibniz's formula, to see that 



(2 R(t)) p ~ k r 2 N k (x) 


r (|+p) 

T(| + fc) 


(2R(t)) p p\L^ 1 


and so by inequality (34) it follows that 

fx,i,2p(t) < (2 R(t)e xt ) P plLt 1 (-^y) 


TatOE 

2i?(f) y 


(36) 


for t > 0 and € IN. The result follows from this by the monotone convergence 
theorem. □ 


We will refer the object on the left-hand side of inequality (32) as the 2 p-th radial 
moment ofX(x) with respect to N. One can deduce an estimate for the (2p-l)-th radial 
moment of X(x) with respect to N by Jensen's inequality. We conclude this subsection 
with an example where the even radial moments can be calculated explicitly. 

Example 3.6. Denote by the 3-dimensional hyperbolic space with constant sectional 
curvatures equal to k < 0 and suppose that X(x) is a Brownian motion on starting 
at x. Then the densities of X(x) are given by the deterministic heat kernel formula 


pf K {x,y) = Q y 2 (x)(2nt) = exp 


d 2 {x,y) 
21 


K t 
2 


(37) 
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for x, y £ and t > 0 where 


Q V {X) 


sinh (\/~ Kr y(x)) 
\T^r y { x) 


(38) 


By a change of variables it follows that for each p £ IN we have 

Hrl P (X t (x))] = (2Q + p, §,-|) 

for all t > 0 , where i f\ is the confluent hypergeometric function of the first kind, so in 
particular 

F\[r 2 (X t {x))) =3 1 — nt 2 

for all t > 0. This ties in with the fact, proved by Liao and Zheng in 120 1, that on general 
M ifX(x) is a Brownian motion starting at x £ M and if r e is the first exit time of X(x) 
from the geodesic ball B e (x) then 

E [rl(X TcAt (x))] = mt - ^ seal (x)t 2 + o(t 2 ) 

ast \.0, where o(t 2 ) might depend upon e and where scal(a;) denotes the scalar curvature 
at x (since on the scalar curvature is constant and equal to 6k). 


3.5 Exponential Estimates 


Before using the estimates of the previous subsection to obtain exponential inequalities, 
we need the following lemma. 


Lemma 3.7. Fora, z > 0 and m = 1,2,... we have 


P*Lp{—z) < (12 (1 + z)) p 


T (a + 1 +p) 

r(a + l) 


Proof. Recall that 


p\L«(-z) = J2 

k =0 


k T{g + l+p) 
T (a + 1 + k) 


(39) 


Now, since a, z > 0 it follows that T (a + 1 + k) > T {a + 1) and that z k < (1 + z) p for all 
k £ {0,... ,p}. For such k there is the bound 



and since the largest binomial coefficient is 'the middle one' it follows that 



if p is odd 
if p is even 


and therefore we have the somewhat crude bound 



for k £ {0,... ,p}. Substituting these bounds into equation ( f39| > yields 

p'-L;(-z) <(P + 1)(6(1 + 

from which the lemma follows since p + 1 < 2 P . P 
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Theorem 3.8. Suppose that there exist constants v > 2 and AeR such that inequality 
([24} holds. Then 


E 


8r N (X t (x )) 


l{t<C(x)} e ' 

for all t, 6 > 0 , where 


<l+(l + R(V, ^,i,R(t,0,s)) - l) (40) 


R(f, 0, x) := 12d 2 (r%(x) + 2R(t)) e 


A t 


(41) 


with R(t ) := (1 — e A< )/A and where iF 1 is the confluent hypergeometric function of the 
first kind. 


Proof. With the stopping times to, as in the proof of Theorem 3.2 for p e IN with p even 
we see by inequality 136} that 


E 


l {t<TDi} rl{X t {x))] < (2R(t)e xt y T + l) L\ 1 (-^y) 

and so, by Jensen’s inequality, ifp is odd then 

'p + 1 


1 {t<TDi} r p x (X t (x)) < {2R(t)e xt y (T 


E 


It follows from this and Lemma [3T7] since v > 2, that 


1 L: 


-i ( *n(x) \ 

^ l 2 R(t)J 


E 


'-{t<TD i } e ‘ 


9r N (X t (x)) 


< 


" (2PR(t)e M ) r , 

1 + E (2g! ^ ( 2m J 


00 (2 d 2 R(t)e xt )^ 1 


E 

p=i 


^ + E 

p=i 


( 2 p — 1 )! 

(2 0 2 R(t)e xt ) p 

( 2 P)! 




2p— 1 
2p 


io(i | r lrW\V r (^+P) 

1 r(|) 


00 ( 2 e 2 R{t)e xt ) ?Crl 


E 

p=i 

oo 

E 

p —0 


( 2 p-l)! 


12 1 + 


r 2 N y)\y ry+ P y 


2R{t)JJ r(|) 


(24d 2 + 


(2p)! 


E 


(246» 2 


r h( x )\ e \t 


r (l) 

j. 

fr(|+p)' 


2p— 1 

2 P 


( 2 p — 1 )! 


r(l) 


Now using (2p)! = 2p(2p — 1)!, 2p < 4? and T (| + p) > F (§), together with the relation 


E 

p —o 


z p r(| + P ) 
( 2 p)\ r (§) 


= iF 


n 1 2 


11 1 2’ 2’4 1 ’ 


which can be seen directly from the definition of 1 F 1 as a generalized hypergeometric 
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series, we deduce that 


E 


l{t<r Di} e erN{Xt{x)) ] < E 


(4R(t,0,a:))Pr(§+p) 


p—0 


(2p)\ 


r (I) 


+ R Ml , ) 4y( 4R ^ 1 ^ 

( 2 P) ! r (f) 


1 + (l + R(^; 2 ) ^2 ’ 2 ’ 


- 1 


and the theorem follows by monotone convergence. 


□ 


( 42 ) 


□ 


Remark 3.9. The right-hand side of ( |40| ) is a continuous function oft, 6 and x and since 
the function iFi satisfies 1 F 1 (f, 5 , 0) = 1 and 

1 . i S ’"’( lFl (^ ,r )“ 1 ) =0 

it follows that if x G JV then the right-hand side of inequality d40> converges to the 
limit of the left-hand side as t | 0. Furthermore, for the values of v considered in the 
theorem the right-hand side of ( |40[ ) grows exponentially with R(t, 0. x ) (in particular 
iFi(l/2,1/2, z) = e z ).The theorem shows that under the assumptions of the theorem 
there is no positive time at which the left-hand side of ( |40[ > is infinite. 

For |y| < 1 the Laguerre polynomials also satisfy the identity 


Et p ^p (-) = (!-7) ( “ +1) e 

p—0 


(43) 


which is proved in | [T8 jl . It follows from this identity and equation ( |3 11 ) that for a real¬ 
valued Gaussian random variable X with mean p and variance o' 2 we have for 9 > 0 


that 

%l 2 ' 

2(1 — 9 a 2 ) _ 

so long as 9a 2 < 1 (and there is a well-known generalization of this formula for Gaussian 
measures on Hilbert spaces). In particular, if X{x ) is a standard Brownian motion on R 
starting from x € R then for t > 0 it follows that 


E 


(m 2 


= (l — 9a 2 ) 2 exp 


E 


a 

e 2 


\Xt(x )\ 2 


(1 — 9t ) 2 exp 


' 9\x\ 2 ' 
2(1 — 9t) 


so long as 9t < 1. With this in mind we state the following theorem. 


Theorem 3.10. Suppose there exists constants v > 1 and A e R such that inequality 
( |24| l holds. Then 

9r%(x)e xt 


E 


1{*< c(Hl e 


; r N (Xt(x)) 


< (l — 9R(t)e xt ) 2 exp 


2(1 — 9R{t)e xt ) _ 


for all t, 9 > 0 such that 9R(t)e xt < 1, where R(t) := (1 — e xt )/\- 
Proof. Using inequality fl36D and equation (|43[l we see that 


E 


t {t<TDi} e^ x ^\ = ^2—f Xtij 2p (t) 

p—0 


= (1 - 9R(t)e xt ) 2 exp 


9r 2 N (x)t 


2(1 — 9R(t)e xt ) 


(44) 
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where we safely switched the order of integration using the stopping time. The result 
follows by the monotone convergence theorem. ft 


Theorem |3.10| improves upon the estimate given by the second part of a similar 
theorem due to Stroock (see ]24( Theorem 5.40]), since the latter concerns only the one 
point case, does not take into account positive curvature or the possibility of drift and 
does not reduce to the correct expression in flat Euclidean space. 


Example 3.11. For a qualitative picture of the behaviour of the above estimates, fix 
x € M and consider the case in which X(x) is a Brownian motion starting at x. Denote 
by R the infimum of the Ricci curvature ofM and assume that R > — oo. Then inequality 
{(To} implies that the assumptions of Theorems 3.8 and \3.10\ hold when N = { x} with 
v = m and A = —R/ 3. For these parameters we plot in Figure^the right-hand sides 
of the inequalities ( |40| ) and ( ]44[ ) as functions of time for the three cases R € {—1,0,1} 
with 8 = | and m = 3. Note that if R > 0 then the left-hand sides of these inequalities 
are bounded, by Myer's theorem. 



Figure 1: Consider the case N = {x} with v = m and A = —R/ 3. The solid curve on the left 
represents the graph of the right-hand side of ineguality ((40} with R = 0. Above it is a dotted 
curve, which is the analogous object for R = — 1, and below it is a dashed curve, which is the 
analogous object for R — 1. The solid curve on the right represents the graph of the right-hand 
side of ineguality ([44} with R = 0. Above it is a dotted curve, which is the analagous object for 
R = — 1, and below it is a dashed curve, which is the analagous object for R = 1. We have set 
0 = | and m = 3 in all cases and the horizontal axes represent the time t. Although not obvious 
from the two plots, the dotted and solid curves plotted on the left do not explode in finite time 
while the dotted and solid curves plotted on the right explode at times t = 3 log 3 ~ 3.3 and t = 6 
respectively. 


The sharpness of our estimates allows for the following comparison ineguality, for 
which we note that if n = 0 then N is vacuously both totally geodesic and minimal, since 
in this case it would be an at most countable collection of isolated points. 

Corollary 3.12. Suppose that X(x) is a Brownian motion on M starting at x and that 
one of the following conditions is satisfied: 

(I) n £ { 0 ,.... m - 1}, the sectional curvature of planes containing the radial direction 

is non-negative and N is totally geodesic; 

(II) n £ {0, m — 1}, the Ricci curvature in the radial direction is non-negative and N is 
minimal. 
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IfY{y) denotes a Brownian motion on R m n starting aty e 11'"' n 
then 


E 


e fr^(X t (x)) 


< E 


e fl|Vi(l/)l£m-* 


with r 2 N {x) < ||j/||b,™-« 


for all t, 9 > 0 such that Qt < 1. 

Proof. This follows directly from Theorem |3.10| and Corollary |1 .6| |J 


To find a comparison theorem which takes into account negative curvature seems 
harder. We can, however, perform an explicit calculation for the following special case, 
which compares favourably with our best estimate. 


Example 3.13. Suppose that X(x ) is a Brownian motion on lff;( starting at x. Then, 
using formulae ( |37[ > and l |38| l, one can show that 




(1 — 9t) 2 exp 


Out 2 

2(1 - 6t) 


(45) 


for allt> 0 and 9 > 0 such that 9t < 1. Note that the explosion time of the right-hand 
side of formula ( |45[ ) is independent of k. 


3.6 Concentration Inequalities 

If X(x) is a Brownian motion on R m starting at x then it is easy to see that 

lim \ logP{X t (a;) ^ B r (x)} = (46) 

r—>oo r Zt 

for all t > 0. Note that the right-hand side of the asymptotic relation ( |46| ) does not 
depend on the dimension m. Returning to the setting of Example |3.6| for a final time, 
we find another situation where there is a relation of the type (46j . 

Example 3.14. Suppose that X(x) is a Brownian motion on 1T( starting at x. Then, by 
tedious calculation, one can show that 

lim \ logP{X t (x) £ B r (x)} = 
r—>oo r Zt 


for all t > 0. 

A heat kernel comparison argument would suggest that a relation of this type should 
hold in general for a Brownian motion X(x) on M but as an inequality, so long as 
the Ricci curvature is bounded below by a constant. Indeed, it follows from |24| The¬ 
orem 8.62] that in this case there is the asymptotic estimate 

lim -4logP<[ sup r x (X t (x)) > rl < 

rtoo H («e[o,t] J 2t 

For the general setting considered in this article, we have the following theorem. 

Theorem 3.15. Suppose there exists constants v > 1 and A £ R such that inequality 
holds and suppose that X(x) is nonexplosive. Then 

lim 4!ogP{A' t (x) i B r (N)} < - j 

r ->oo r z ZH(t)e Al 

for all t > 0, where R(t) := (1 — e~ xt )/X. 
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Proof. The proof follows a standard argument. In particular, for 8 > 0 and r > 0 it 
follows from Markov's inequality and Theorem 1 3.10 1 that 


F{X t (x) i B r (N)} = 


< 


< 


P{nv(X t (x)) > r} 
P{e 2 > e 2 } 


2 E 




(1 -8R(t)e xt ) 2 exp 


0r^r(x)e At 
2(1 - 8R(t)e xt ) 


Or 2 ' 

~Y 


so long as 9R(t)e xt <1. If t > 0 then choosing 8 = 5(R(t)e xt ) 1 shows that for any 
S e [0,1) and r > 0 we have the estimate 


P{X t (x) i B r {N)} < (1 - <*)-* exp 


r 2 N { x ) s 

2R{t){\ -5) 


Sr 2 

2 R{t)e xt 


(47) 


from which the theorem follows since S can be chosen arbitrarily close to 1 after taking 
the limit. □ 


While Theorem |3.15| is trivial if M is compact, the concentration inequality fl47| l is 
still valid in that setting. In fact, for r > 0 suppose that v > 1 and A > 0 are constants 
such that the inequality 

(^ A + &) <v + \r 2 N 

holds on the tubular neighbourhood B r {N) (such constants always exist if N is com¬ 
pact, by Corollary 1 1.4| . Assuming that X(x) is non-explosive (which would be the case 
if N is compact, by Theorem |3.4[ 1 then the methods of this chapter can also be used 
to estimate quantities involving the process X(x) stopped on the boundary of the tu¬ 
bular neighbourhood. We will not include such calculations here, to avoid extensive 
repetition, but doing so actually yields the exit time estimate 


P 


sup r N (X s (x)) > r 

*6[0,t] 


< 


(1 — 5) 2 exp 


rjr{x)S 
2R(t)[l - S) 


Sr 2 

2 R(i)e xt 


for allt > 0 and <5 £ (0,1), which improves inequality ( |47| ) for the A > 0 case. 


3.7 Feynman-Kac Estimates 

The following two propositions and their corollaries constitute simple applications of 
Theorems |3.8| and |3.10| and provide bounds on the operator norm of certain Feynman- 
Kac semigroups, when acting on suitable Banach spaces of functions. 

Proposition 3.16. Suppose there exists constants v >2 and A > 0 such that inequality 
([24} holds. Then 

E < 1+ (l + RMCx)- 2 ) (i F 1 (J, i R {t,0t,x)j - lj 

for all t, 8 > 0, where R is defined by ( |41| ). 

Proof. Using the stopping times t d . to safely exchange the order of integrals, we see 
by Jensen's inequality that 


E 


4 t<r Di } e 


s fa r N (X s (x))ds 




E 


4 S<TD ; } e 


tOr N (X s (x)) 


ds. 
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The result follows from this by the monotone convergence theorem and Theorem |3.8| 
since the right-hand side of inequality ( |40[ ) is nondecreasing in t (which is evident by 
the right-hand side of inequality ( |42| ) and the fact that R(f, 9, x) is nondecreasing in 

t). □ □ 

Cor ollary 3.17. Suppose there exists constants v > 2 and A > 0 such that inequality 
holds and that V is a measurable function on M such that V < C( 1 + r n) for some 
constant C > 0. Then 

E[l {t< c (x)} etf v(x ‘ ( *» ds ] <e ct ^l+(l + R(dCt,x)-5) (ilh , i, R(t, Ct, x)^j - l) ) 

for all t > 0, where R is defined by ( |4 1P . 

Using Theorem |3.10| the following proposition and its corollary can be proved in 
much the same way. 


Proposition 3.18. Suppose there exists constants v > 1 and A G II! such that inequality 
( |24P holds. Then 

9r 2 N {x)te xt 


E 


l{t<C0U}e 2 Jo 


fo r 2 N (X„(x))ds 


< (l — 9tR(t)e xt ) 2 exp 


2(1 - 9tR(t)e xt ) 


for all t, 0 > 0 such that 9tR(t)e xt < 1. 


Corollary 3.19. Suppose there exists constants v > 1 and A <£ 111 such that inequality 
( |24P holds and that V is a measurable function on M such that V < C(1 + \r 2 N ) for some 
constant C > 0. Then 

Cr 2 N (x)te xt 
2(1 -CtR(t)e xt ) 

for allt > 0 such that CtR(t)e Xi < 1. 


E 


L{t<C(x)} e 


f*V(X s (x))ds 


< (1 - CtR{t)e 


X t\ 


exp 


3.8 Further Applications 

Applications of the results and methods presented in this article have been explored 
in ]26[ | and will feature in a subsequent article. In particular, we will show how one can 
use the Jacobian inequality given by Theorem |1. 5 1 and moment estimates for a certain 
elementary bridge process, related to Brownian motion, to deduce lower bounds and an 
asymptotic relation for the integral of the heat kernel over a submanifold. This object 
appears naturally in the study of submanifold bridge processes, for which the lower 
bounds imply a gradient estimate sufficient to prove a semimartingale property. This is 
a new area of study which could lead to future developments related to the geometries 
of path or loop spaces. 
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